Stein COnsistent Risk Estimator (SCORE) for hard thresholding
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dépasser les frontiéres

Problem statement A biased DOF estimator for hard-thresholding Numerical example — Recovering of a compressible vector

Consider the Hard-Thresholding (HT) estimator

» Remark that the HT can be written as » Consider x( a compressible vector of length n = 2E5 whose sorted values in magnitude decay as
0 if |ly;| < A .
y— HT(y,A\) and HT(y,\); = { ” ;tl‘wyezr’wise ’ HT(y, \) = ST(y, \) + D(y, \) |x0|(i) =1/i7 for v>0
(4 : .
Hich ai . ¢ " . £ 1h b yi+ Aty < —A » Consider o chosen such that the SNR of y is of about 5.65dB
which aims at recovering x( from the observation y of the random variable where  ST(y,\); = 0 it — A<y < 4\
Y = o + W Y; — A\ otherwise Interval + o — — — Risk
: Vector x — SCORE
where we consider —A I]Z Yi < —A o o -Athreshc;ld N *g ------- Jansen'’s estimator
» 19 € R" the unknown sparse vector of interest, and  D(y, A)i = 3_)\ Ith TASYI ST E é
» y € R"” the noisy observation of z, | | otherwise S %
s W~ N0, 021dy) the noise component, where y — ST(y, A) is the soft thresholding operator, and: = E
> A >0 a regularization parameter. » 1y +— ST(y, A): Lipschitz continuous = df {ST}(y, ) = #{|y| > A},
How to choose the value of the parameter A? » 1y +— D(y, \): Piece-wise constant with discontinuities at =\ = Stein's lemma does not apply. Position index i Threshold
» Consider a smoothed version G, x D(., \) where G, is a Gaussian kernel of bandwidth h: » Compare to Jansen’s estimator [Jansen, 2011
n
. . 20\
>y = (G, % D(., ) (y): C°° = Stein’s lemma apply leading to: Z (1(\%\ < )\)%2) —no’ + 2074 {|y| > A} + = o ZeXp ( ) )
Risk-based selection of )\ N ) i=1
Y )\\/ (yit\) Yi—
y— df{HT }Hy, N\, h) = #{|y| > A} + [exp( >—|-6Xp (——)] .
» Consider an estimator y — x(y, A) whith parameter \. T ) tyl } 27Wh 2h? 2h?

» Risk associated to A: measure of the expected quality of x(y, \) wrt z, ; / Numerical example — Image denoising

R(\) = Eyp|z(Y, A) = aol*

DU ST(y.2) | / Dy ) | — » Consider x a.n image quantlfled. on [0, 255] and o = 10. |
» The optimal (theoretical) A minimizes therisk. e = e ------- + e ------- » Assume Wz is sparse where W is an orthonormal wavelet basis.
- HT(y, A) ' L «G» » Since IV is white and using Parseval identity:
| 1 : 1
A _ / i —SCORE{HT}H WY, \,h(n)) consistently estimates —]EWH\If_lHT(\IJY, A) — xg H2
~ / n
= B
o Oy
=
2 I
C/Z,\f{HT}(ya )\7 h) - T . """" +
Parameter \ a?{HT}(y, A, h) is biased. How does its bias evolve w.r.t. n and h ?
100 - — — — Risk
Can we estimate the risk solely from x(y, \)? LetY =xg+ W for W ~ /\/’(;,;O’ QIdn) —— SCORE
Take h( ) such that limy,— o h( ) =0 and limy,—oc n_lh( )~ =0. S gol ‘ ‘(J)apr;isrﬁzni estimator |
Then S -
- 1 (5 > T 60F
Unbiased risk estimation plimy, o0 5 (df{HT}(Y, A, h(n)) — df {HT }(zo, )\)) =0. C‘:;
Degree of freedom In particular R R 407
1. lim By [2df{HT}(Y, A, h(n))] = lim 1df{HT}(zg, ), and - - - - -
» Degree Of Freedom (DOF) is defined by [Efron, 1986] as: n—00 W: A{ i A( >> n—o0 "t HT (o, ) 10 20 30 40 50
n 2. lim Vi [tdf {HTHY, A\, h(n))] =0, Threshold A
df {x}(zg, \) = Z cov¥i, 2(¥, A) e _ () U THT(Wy, A7) (d) Choice of A"
LI, A) = o2 ' where Vi Is the variance w.r.t. W.

1=1

» The DOF plays an important role in model/parameter selection 1 h decreases slower than y,, the bias vanishes when n increases.
sk estimation via SURE  Corollry (Stein's Consistent Risk estimator) Qe mesiton of e chooof

. . . Extend to other non-continuous estimators and inverse problems:
» Assume y — x(y, \) is weakly differentiable. - P

— ~ 2 — 1/2 » |terative Hard-Thresholding,
» Define the Stein Unbiased Risk Estimator (SURE) as: Let ¥ =y + W for W N<x0’ Idy,), and assume 1ilvlat Hx0|\4 o(n/%). N |||—cor:\cllitioned observatiolngoperators,
) . Take h( ) such that limy, o h( ) =0 and limy, oo Th(n)~! = 0.  Redundant dictionnaries
SURE{z}(Y,A) = Y — 37( M) —no “+20 df{z}(Y, ) Then, the Stein COnsistent Risk Estimator (SCORE) evaluated at a realization y of Y |
where df{z}(y, \) = div (z(y, \)) . n
» Steim Lemma [Stein, 1981] implies: SCORE{HT}(y, A, h(n)) = Z (I<|y@‘ < )‘)yl) no” +20°df {HT}(y, A, h(n)) ,
~ 1=1 @ Efron, B. (1986).
B (A {}(V.0) = df{abao. ) where 1(c) s the indicator for an event w, s such that o b e e il i k7
and By (SURE{2}(Y, A)) = Eyy (|2 — 2(Y, A)[7) - ) B Jansen, M. (2011)
phmn_M)O n (SCORE{HT}(Y )\ h< >) o EW”HT(Y’ >\> - :CO” ) =0 Information criteria for variable selection under sparsity.
The Hard-Tresholding is not weakly differentiable. 9 ?Ch”iza'(rep‘”; fechmestreport, BES
tein, C. (1981).
The DOF cannot be unbiasedly estimated from the divergence. If h decreases slower than 1 —, the SCORE is consistent. Estimation of the mean of a multivariate normal distribution.
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