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Introduction

In many scenarios, one cannot get a perfect clean pictures of a scene:

® Camera shake e Motion e Objects out-of-focus e Low-light conditions.

In many applications, images are noisy, blurry, sub-sampled, compressed, etc:

® Microscopy e Astronomy e Remote sensing e Medical e Sonar.

Automatic image restoration algorithms are needed.
Fast computation is required to process large image data-sets.



Introduction — Inverse problems

Model
y=Ax +w

y € RM observed degraded image (with M pixels)

x € RY unknown underlying “clean” image (with N pixels)

w ~ N(0,0°Td ) noise component (standard deviation o)

A :RY — RM: linear operator (blur, missing pixels, random projections
p g i

Deconvolution subject to noise

y Blur A aw w

Goal: Retrieve the sharp and clean image = from y



Introduction — Inverse problems

Linear least square estimator

. 1 2
e argmin ﬁHAaz -yl

One solution is the Moore-Penrose pseudo inverse:

8

= Aty = liII(l)(.AtA +eldy) ' Aty
E—r

Example (Deconvolution)

A= F '®F : circulant matrix
F : Fourier transform

® = diag(¢1,...,¢n) : blur Fourier coefficients

Linear least square solution

#=F'¢ with ¢& = and c=Fy

0 otherwise

{ 2 i |gil >0



Introduction — Inverse problems

Linear least square estimator

Az — yl3

. .1
T € argmin ——
g0 553 |

One solution is the Moore-Penrose pseudo inverse:

z=ATy= 1%(AtA +eldy) T Aty

Example (Deconvolution)

(a) Observation y (b) c=Fy



Motivations — Variational models

Variational model: Regularized linear least-square

. o1 2

i E SPETIT ?HAaz —y|z + R(x)
Example (Maximum A Posteriori (MAP))

%H.Aa: —yl3 = —logp(y|lz)  (likelihood for Gaussian noises)

R(x) = —logp(x) (a priori)

Likelihood 2 - p(y | z) Prior @+ p(x)

What prior?



Motivations — Variational models

Variational model: Regularized linear least-square

N 1 2
i E SPETIT ?HAaz —y|z + R(x)

Example (Maximum A Posteriori (MAP))

%H.Aa: —y|3 —log p(y|x) (likelihood for Gaussian noises)

R(x) = —logp(x) (a priori)

e

Gaussian prior & ~ N (p, X)

What about a Gaussian prior?



Motivations — Variational models

Variational model: Regularized linear least-square

A o1
& € argmin — | Az — y|3 + R(x)
- 202

Example (Wiener deconvolution / Tikhonov regularization)

2
R(m):uA*/?fwug:Z(%) with ¢ = Fa

r i

A = diag(A\],...,A%): mean power spectral density (\; ~ f|wi ;| %)

Solution is linear: &= (A"A + D) Aly

FNa

(b) e=Fy (c)

[5 \2+02/A2




Motivations — Variational models

Variational model: Regularized linear least-square

1
T € arg;nin ﬁHAm - y|5 + R(z)

Example (Wavelet shrinkage/thresholding)

_ —1/2 - |Cz| . -
R(z) = |A Wex|: = Z N, with ¢= Wz

W : Wavelet transform or Frame (WTW = Idy)
A = diag(A],...,AN): energy for each sub-band (\; ~ C'27%)

Solution is non-linear, sparse and non-explicit (requires an iterative solver):

(@) y



Motivations — Variational models

Variational model: Regularized linear least-square

N 1 2
i E SPETIT ?HAJ: —y|z + R(x)

Example (Total-Variation (Rudin et al., 1992))

1 1
R(@) = <|Veliz = < > Vs — zii? + [2ig+1 — 2452,
A A
i

V : gradient — horizontal and vertical forward finite difference

A > 0 : regularization parameter (difficult to tune)

Solution is again non-linear and non-explicit (requires an iterative solver):

(b) Tiny A (c) Small X (d) Medium X (e) Huge A\

10



Motivations — Patch priors

® Modeling the distribution of images is difficult.
® Learning this distribution as well (curse of dimensionality).
® Images lie on a complex and large dimensional manifold.

® Their distribution may be spread out on different clusters.

Pixel with Divide and conquer approach:

index i

Image @
Patch

Pz

Break down images into small patches
and model their distribution.

N
) . P 2
< argimn ﬁHAIB —yls+ Z R(Pix)

i=1

All reconstructed overlapping patches
must be well explained by the prior.

Pi: RY 5 RY  extracts a patch with P pixels centered at location <.

Linear operator. Typically, P = 8x8. 1



Motivations — Patch priors

Regularized linear least-square with patch priors

N
. . P 2
T E arginm ?HACI: -ylz+ Z R(Pix)

i=1
Example (Fields of Experts, Roth et al., 2005)

* R(z) =25  axlog (14 2(¢r, 2)?), ar >0, ¢x € R” a high-pass filter.
® K Student-t experts parametrized by aj and ¢y.
® |earned by maximum likelihood with MCMC.

12



Motivations — Patch priors

Regularized linear least-square with patch priors

iy € argmln T 2HAw yHQ—I—ZR Pix)

i=1

Example (Analysis k-SVD, Rubinstein et al., 2013)

R(z) = 2[lzlo = #{c: £0} with =Tz
® | -|lo: £o pseudo-norm promoting sparsity.
® I € R2*F learned from a large collection of clean patches.

® Patches distributed on an union of sub-spaces (clusters).

Training image Training set of patches Learned atoms
13



Motivations — Patch priors

Regularized linear least-square with patch priors

iy € argmln T 2HAw yHQ—I—ZR Pix)

i=1

Example (Gaussian Mixture Model priors, Yu et al., 2010)

R(z) = —logp(z —2) with z= %1131}2
d Z 1 tyr—1
and p(z Wk =555 @ P/2\2k|1/2 exp 5% %k ),

® K: number of Gaussians (clusters)
® wy: weights >, wi = 1 (frequency of each clusters)
® 3. P X P covariance matrix (shape of cluster)

® Zero mean assumption (contrast invariance)

Least square + GMM Patch Prior = Expected Patch Log Likelihood (EPLL)
14



Motivations — Patch priors

Regularized linear least-square with patch priors

T e argmm — ZHAa: yHQ—I—ZR Pix)

i=1

Example (EPLL, Zoran & Weiss, 2011)

R(z) = —logp(z —2) with z= %1131}2

L
and p(z Zwk @ P/2\E 172 exp (—iz 3 z),

(wg, X) learned by EM
on 2 million patches.

Patch size: P =8 x 8
#Gaussians: K = 200

100 randomly generated patches from the learned model
15



Motivations — Patch priors

Regularized linear least-square with patch priors

N
. . P 2
T E arginm ?HAw -ylz+ Z R(Pix)

i=1

Example (EPLL, Zoran & Weiss, 2011)

Noise with standard-deviation o = 20 (images in range [0, 255])

(a) Reference = (b) Noisy image y (c) EPLL result &

16



Motivations — Patch priors

Regularized linear least-square with patch priors

N
. . P 2
T E argimn ﬁHAw -ylz+ Z R(Pix)

i=1

Example (EPLL, Zoran & Weiss, 2011)

Motion blur subject to noise with standard-deviation o = .5

- H 24.9/.624 Pl 32.7/.924

(a) Reference @ / Blur kernel (b) Blurry image y (c) EPLL result &

17



Motivations — Patch priors

Regularized linear least-square with patch priors

N
. . P 2
T E arginm ?HACI: -ylz+ Z R(Pix)

i=1

Example (EPLL, Zoran & Weiss, 2011)

Pros:
® Near state-of-the-art results in denoising, super-resolution, in-painting. . .
® No regularization parameter to tune per image-degradation pair.
® Only parameters: the patch size P and the number of components K.

® Multi-scale adaptation is straightforward (Papyan & Elad, 2016).
Cons:

® Non-convex optimization problem
® Original solver is very slow

® Some Gibbs artifacts/oscillations can be observed

18



Motivations — Patch priors

Regularized linear least-square with patch priors

N
. . P 2
T E arginm ?HACI: -ylz+ Z R(Pix)

i=1

Example (EPLL, Zoran & Weiss, 2011)

Pros:
® Near state-of-the-art results in denoising, super-resolution, in-painting. . .
® No regularization parameter to tune per image-degradation pair.
® Only parameters: the patch size P and the number of components K.

® Multi-scale adaptation is straightforward (Papyan & Elad, 2016).

Cons:
® Non-convex optimization problem ............. EPLL Algorithm (Part 1)
® Original solver is very slow ......................... Fast EPLL (Part 2)

® Some Gibbs artifacts/oscillations can be observed ...... GGMMs (Part 3)

19



Part 1/3: EPLL Algorithm (Zoran & Weiss, 2011)

Least square + GMM Patch Prior

N
) P , -
T e argimn ﬁHAm —ylz - E :logp(Piw — Pix)

1=1
Half-quadratic splitting

® Introduce N auxiliary vectors z; € RY and solve instead:

B—ro0 x,21,...,

p 3 N N
lim argmiil ﬁHAw —yl3 + 3 ; |Pix — 2|3 — glogp(zi —z;).
® Use an alternating optimization scheme on z; and . Repeat:
Z; ¢ argmin g"Pﬁ: —zi|3 —logp(zi — ), foralll<i< N
N
P B .
ﬁ”/‘m —yl3 + B Z [Pz — 2il3

& < argmin
m i=1

B < increase(f)

20



Part 1/3: EPLL Algorithm (Zoran & Weiss, 2011)

Optimization on x:

P B <
; . 2 512
ze argmin ﬁHAm -yl + 3 E |Pix — 2i3

=1

- Cak P LB
—(AA+;;P,;P2~) ( ?; )

PIdy

N
= (At_AJr 5021dN)—1 (Aty + 50253) with @ = %ZP}%Z

In general, O(N) or O(N log N)
Otherwise, conjugate gradient Patch reprojection

21



Part 1/3: EPLL Algorithm (Zoran & Weiss, 2011)

Optimization on x:

P B <
; S 2 512
ze argmin ﬁHAm -yl + 3 E |Pix — 2i3

=1

- Cak P LB
—(AA+;;P,;7%) ( ?; )

PIdy

N
= (At_AJr BJQIdN)—l (Aty + 5025;) with @ = %ZP}&

In general, O(N) or O(N log N)
Otherwise, conjugate gradient Patch reprojection

Example (Deconvolution)

For A= F '®F, & = diag(é1,...,on), we get

A 1A ~ (;b)!{(ii + 50'252' . C = F'y
=F 1 h ;= 2 th
4p = ¢ where ¢; = | i‘2 Bo? wi B

21



Part 1/3: EPLL Algorithm (Zoran & Weiss, 2011)

Optimization on z:
A 2 .
Z € argmin EHz —z|z —logp(z — 2)

= Z + argmin g“i —Z—z|3 —logp(2)
z

22



Part 1/3: EPLL Algorithm (Zoran & Weiss, 2011)

Optimization on z:
. . B 2 _
Z € argmin EHz —z|z —logp(z — 2)
_ =z . /8 ~ = 2
= z + argmin 5”2 —z—z|3 —logp(z)
z
For the sake of simplicity consider

Z € argmin g“i —z|3 —logp (2)
z

K
- 1 _
= argmin §||z —z|3 —log E Wy, eXp (—gztEk lz) (Non convex)
= k=1

1 -
A argmin g"i —z|3+ §zt2k3z (Keep only 1 = Convex)

1
— (zk* + %Idp) S 2 (Explicit solution)

How to choose the optimal k*?
22



Part 1/3: EPLL Algorithm (Zoran & Weiss, 2011)

Zoran & Weiss (2011) interpret
argmin é"i —z|3 + 1ztE,le
2 2 2
as a MAP denoising problem where

B

=N(0p, =) *x N(0p,£1dp)
(convolution)

z | z ~ N(z7 %IdP) Marginalization B 1
z|k ~ N(0p, k) Z| (0p, Xk P)

23



Part 1/3: EPLL Algorithm (Zoran & Weiss, 2011)

Zoran & Weiss (2011) interpret
argmin é"i —z|3 + 1ztE,le
2 2 2
as a MAP denoising problem where

1
' B 2k~ N(@Op, i+ =Id
21k ~ N(Op ) _ Z| (Op k+B P)

=N(0p, k) * N(0p, 51dp)
(convolution)

z | z ~ N(Z lIdP) } Marginalization

Choice of k* by maximum a posteriori:

k* € argmax p(k | 2) = argmax P(k)p(z | k) = argmax wp(2 | k)
1<k<K 1<k<K 1<k<K

1
= argmin —2logwy + log |2y + =

1
Idp|+ 2 (Zk + =Idp) 'z
1<k<K B

B

Discrepancy of patch Z against component k

23



Part 1/3: EPLL Algorithm (Zoran & Weiss, 2011)

EPLL Algorithm

Patch denoising step
x5

Patches 2 Estimates 2

x
x8
For cach 2
evaluate discrepancy Perform (iii) whitening
against all components k and (iv) linear shrinkage

according to wy, Ty and § according to £y and 3
(i) Pick the optimal A-~_m

Patch prior
(mixture model)

Final result

Image @

Noisy image v

Repeat 5 times with successive values 8 = & {1,4,8, 16,32}

® 5 iterations are used

In practice: "
* 3= +1{1,4,8,16,32}

24



Part 1/3: EPLL Algorithm (Zoran & Weiss, 2011)

Algorithm: The five steps of an EPLL iteration

forall 1 <i:< N

%« Pid (Patch extraction)

—1
ki « argmin — 2logwy, + log ‘EkiJr%Idp‘ 4zt (zkﬁ%mp) %

1<k <K

(Gaussian selection)

2 (2,%_* 4 éldp)_l s & (Patch estimation)

T li?’?ﬁ- (Patch reprojection)
P '

T+ (.AtA + B<72IdN)_1 (Aty + /302@) (Image estimation)

25



Part 1/3: EPLL Algorithm (Zoran & Weiss, 2011)

Algorithm: The five steps of an EPLL iteration

forall 1 <i:< N

O(NP) Z; + P (Patch extraction)
=il
O(NKP?) k¥ < argmin — 2logwy, + log ‘zk.+l1dp‘ 4zt (zk,.JriIdp) %
e i iTB , i T8
(Gaussian selection)
=1l
O(NP?) 2 (2,%_* + %Idp) SirZi (Patch estimation)
1
O(NP) &+ FZP}Z} (Patch reprojection)
i=1
O(NlogN) & <+ (.AtA + B<72IdN)_1 (Aty + ﬂaQ:i) (Image estimation)

Global complexity: O(N K P?)

25



Part 1/3: EPLL Algorithm (Zoran & Weiss, 2011)

Gaussian selection represents 95% of computation time!

Algorithm 1 The five steps of an EPLL iteration Time Percentage
for all t € 7
2« Pix (Patch extraction) 0.46s 11 %
k; < argmin log u:;') + log [Eh + %Idp‘ +
<ki<K . .
ek . (Gaussian selection) ~ 43.53s NI 95 %
2 (Zh+i1dr) 5
5 (D + 31dp) T Bk (Patch estimation) ~ 0.955 12 %
& (27’:7’4)"27?,"2, (Patch reprojection) 023 11%
i€l i€l
@ (A A+ Bo’ldy) " (A'y + Bo’E) Others 0.52s 11%

Total 45.69s

26



Part 1/3: EPLL Algorithm (Zoran & Weiss, 2011)

Gaussian selection represents 95% of computation time!

Algorithm 1 The five steps of an EPLL iteration Time Percentage
for all t € 7

2« Pix (Patch extraction) 0.46s 11 %

ki« argmin log u:;') + log [Eh + %Idp‘ +

fehsk . (Gaussian selection)  43.53s I 95 %
2 (B +3lp) 2

5 (D + 31dp) T Bk (Patch estimation) ~ 0.955 12 %
& (27’:7’4)"27?,"2, (Patch reprojection) 023 11%
i€l i€l
@ (A A+ Bo’ldy) " (A'y + Bo’E) Others 0.52s 11%
Total 45.69s

® More than 100 times speedup.

Contribution 1: stochastic patch sub-sampling.
Fast EPLL (FEPLL):

Contribution 2: flat tail approximation.

Contribution 3: binary balanced search tree.

26



Part 2/3: Fast EPLL — Stochastic patch sub-sampling

Contribution 1: consider only a subset Z C [1,... N] of patch indices!

Simple idea to accelerate the optimization on z;:

foralli e’
O(|Z|P) Z; +— P& (Patch extraction)
-1
O(Z|K P?) ki  argmin — 2logwy, + log ’Eki—ﬁ-%ldp‘ 43t (Eki—&-%ldp) %
1<k <K
(Gaussian selection)
—il
O(|Z|P?) 2 <Ek,* + %Idp) YprZ (Patch estimation)

27



Part 2/3: Fast EPLL — Stochastic patch sub-sampling

Contribution 1: consider only a subset Z C [1,... N] of patch indices!

But, it slows down the optimization on «:
N
. . P B .
€ argmin ﬁ"Am —yl3 + 5 Zl [Pz — 23
. P B .
= argimn ﬁ”-Aw —yl3 + 5 Z |Pix — 2|5
€T
2 =il 2
_ t Bo L. t Bo ts
i€L i€T
diagonal but# PId p
® (3 ,c7 PiPi);; = #patches covering pixel with index j
® The matrices A*A and Y

® Inversion cannot be performed explicitly thanks to a fast transform,

et PIP; do not share the same eigenspace,

® Use conjugate gradient = slower than before.
28



Part 2/3: Fast EPLL — Stochastic patch sub-sampling

Contribution 1: consider only a subset Z C [1,... N] of patch indices!

Alternative: approximate the solution instead of the original problem

. . B
¢ € argmin 5 HAm —yl3+ % Z 1Pz — 2|5

) )
= (AtA + 5% Z Pfﬂ) (Aty + b% > sz)
=1
Pld

N
= (A'A+ B0°Idy) " (A'y + Bo’E) with &= ! > Pz

—1 N
~ (A'A + Bo’Idy) " (A'y + o?E) with &= (Z PfPL-) > Pz

1€EL i€L

= Every other steps will be accelerated, and this step will be unchanged.
29



Part 2/3: Fast EPLL — Stochastic patch sub-sampling

Contribution 1: consider only a subset Z C [1,... N] of patch indices!

How to sub-sample patches?

® Take every s pixels (acceleration s?).

® Randomize the choice of the patches.

All pixels must be covered at least once.
= max sub-sampling s=P =8 (partition)

All pixels must be covered by as many

patches in average.

(b) Stochastic patch sub-sampling

Re-sample at each iteration.

30



Part 2/3: Fast EPLL — Stochastic patch sub-sampling

Contribution 1: consider only a subset Z C [1,... N] of patch indices!

(g) Regular s = 2 (h) Regular s =4 (i) Regular s =6 (j) Regular s =8




Part 2/3: Fast EPLL — Stochastic patch sub-sampling

Contribution 1: consider only a subset Z C [1,... N] of patch indices!

305 »/_L: L
30 7 e s=3 J
% e
£ 29.5 I
A 29 | Stochastic subsampling for varying s
---------- Regular subsampling
28.5 — — — Limit of -0.2dB
x 32 x 16 x 8 x 4 1
Speed up

Complexity reduction: O(NP?’K) — O(NP2K/s?)

32



Part 2/3: Fast EPLL — Stochastic patch sub-sampling

Contribution 1: consider only a subset Z C [1,... N] of patch indices!

305 »/_L: L
30 7 e s=3 |
% e
£ 29.5 I
A 29 | Stochastic subsampling for varying s
---------- Regular subsampling
28.5 — — — Limit of -0.2dB
x 32 x 16 x 8 x 4 1
Speed up

Complexity reduction: O(NP?’K) — O(NP?K/s?)
Can we reduce the term in P??

33



Part 2/3: Fast EPLL — Flat tail approximation

Contribution 2: approximate the spectrum of covariance matrices

: ‘ : :
: 1 Original spectrum
04 95% 1 5% —Flat tail approx. | |
g 1 - -~ 0.95-Threshold 7y,
g :
= |
&) |
.80 !
- :
0.1} 1 i
| l | | | | |
10 20 30 40 50 60

Index of eigen dimension

® Keep only 1 < 7 < P first eigen dimensions.
® Choose 7y, to account for a proportion p € (0, 1] of the total variability.

® \What to do with the other dimensions?

34



Part 2/3: Fast EPLL — Flat tail approximation

Contribution 2: approximate the spectrum of covariance matrices

10!

FEigenvalue

_
9
w

10 20 30 40 50 60
Index of eigen dimension

® Do not set them to zero (low-rank approximation).

® Replace least eigenvalues by their average.

35



Part 2/3: Fast EPLL — Flat tail approximation

Contribution 2: approximate the spectrum of covariance matrices

30 T T : :
28
26 r
Z
n
24
22 Our approx. | 1
Zero-out
20 1 1 1 1
0.2 0.4 0.6 0.8

Value of p

® Do not set them to zero (low-rank approximation).
® Replace least eigenvalues by their average.

® Why does it help being faster?

36



Part 2/3: Fast EPLL — Flat tail approximation

Contribution 2: approximate the spectrum of covariance matrices

Recall we have to compute

=
k™ <+ argmin — 2logwy + log | X+ + Idp‘ + 2 (Ek—&-%ldp) z

1<k<K
1
— (Ek* + %Idp) Y2z

Decompose £, = Uy AxUj, with Ay = diag(\} 1, ... A% p), and Uy unitary.

é, <+ Uiz, foralll<k<K O(P’K)
P a2 )
k* + argmin — 2logwy + log( X\, —l—#) O(PK
1<gk<K S ;( B(Ak ﬁ) /\i,ﬂ'% ( )
MNowj ,
& ﬁck , forall1<j<P O(P)
ki T B

Z Uk*c O(P2)
37



Part 2/3: Fast EPLL — Flat tail approximation

Contribution 2: approximate the spectrum of covariance matrices

Consider U = U. i, With 7y <P and A j = ap forrg +1<j <P
&« Ulz, forall<k<K O(PTK)

512
* o z

k* < argmin — 2logwy + (P — r)log(aj + %)Jrﬂi”Ql

1<k<K o+ 3

—Q—Z(log()\i’j + %)+ o Tnd ) O(FK)
j=1 )‘lw' ts5 %t

~ )\k*] ai* =
G |1 5 1|y, foralll<j<rms O(rk)
Ny ts et
= i
2« Up+é+ > Ls & O(Pry)
ak*+§
Complexity reduction: O( P’K) — O(P7K), where 7 = 21/\4 The

38



Part 2/3: Fast EPLL — Flat tail approximation

Contribution 2: approximate the spectrum of covariance matrices

30.5
30
g
(£ 29.5
29 .
Results for varying p
285 — — — Limit of -0.2dB
x 4 x 2 x 1.5 1
Speed up

(b) p=0.5 (c) p=0.8 (d) p=10.95 (e) p=1

39



Part 2/3: Fast EPLL — Binary search tree

Contribution 3: binary balanced search tree

® Avoid comparing each patch z; against each of the K components

—1
kfe—wgnﬂn——2kgum—%kg‘2k+%ldpw+if(Ek+%ldp) %
1<h<K

® Use a balanced (almost) binary search tree O(K)

! roor: [ [ L
: vevet 1: il I
4 Level 2: . '-' ! ﬁ
5 Level 3: EE!H
Lever s G O(log, K)
Level 5: E E E E
Level 6: [ PN [ B
Level 7: [l 100 0

® Built by a bottom-up clustering strategy based on the Multiple Traveling
Salesmen Problem (MTSP) solver proposed by (Kirk, 2014).

e o —
=
=—— —
= —
— —

Height: 7

40



Part 2/3: Fast EPLL — Binary search tree

Contribution 3: binary balanced search tree

41



Part 2/3: Fast EPLL — Binary search tree

Contribution 3: binary balanced search tree

0.7} T
|
|

0.6 | |

|

= |

g 05}

g T

= 04 — ‘

|

1 |

0.3+ % I

1

MTSP K-Means HAC
Tree construction method

Balanced is faster, and
computation time does not depend on the image content.

It also provides better results!
42



Part 2/3: Fast EPLL

More than 100x speed-up obtained due to the 3 proposed accelerations

Speed-up
>
X

32.1x

100 x

042dB |

PSNR

k7
43
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Part 2/3: Fast EPLL

More than 100x speed-up obtained due to the 3 proposed accelerations

Algorithm 1 The five steps of an EPLL iteration Without With the proposed
foralli € T

% P (Patch extraction) 0.46s 11% 0.03s M7%

k!« argmin logw;, + log ‘E‘, +%m," d

fee . (Gaussian selection) ~ 43.53s I 05 % 0.23s DI 66 %
2 (B +41de) 5

2 (B + 41de) RS (Patch estimation) 0.95s 12% 0.05s EE13 %

e (PP IS Pla (Patch reprojection)  0.23s |1 % 0.01s B4%
i iz
@ (A'A+ Bo’ldy) ! (A'y + Bo*i) Others 0.52s 11% 0.03s EH10 %
Total 45.69s 0.355

Complexity reduction: O(NP?K) — O(NPrlog, K/s

® N image size ® K =200
® P=8x38 ® |log, K| =17

)

)
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Part 2/3: Fast EPLL

30.6/.872 (1.68s)| 30.6/.873 (44.885)30.2/.862 (0.36s

(a) Reference & (b) Noisy image y  (c) BM3D @ (d) EPLLc @ (e) FEPLL &
sl T . 5 . —
DnCNN DnCNN
29.8 ] '
WNNM Averaged on 60 images
296 | EPLLc 'S
e YD o o of the BSDS test
7294 ° EPLLm d
& @e ata-set.
small FEPLL' ~  RoG 1
FEPLL @ .
291 A e : cru | Noise standard
CSF3y.: CSFs,: GPU L.
28.8 " " O ous| | deviation o = 20.
107 100 10" 102

Time (in seconds)
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Part 2/3: Fast EPLL

30.6/.872 (1.68s)| 30.6/.873 (44.885)30.2/.862 (0.36s

(a) Reference & (b) Noisy image y  (c) BM3D @ (d) EPLLc @ (e) FEPLL &
0.85 : T T
A [ ]
084  DnONN DoCNN EPLLc EPLLm |
, o o .
FEPLL Averaged on 60 images
0.83 - ©. RoG -
- ° WNNM of the BSDS test
=1
7082y BM3E 1 data-set.
0.81 'FEPLLO b
A ° ® cru Noise standard
08l CSF3x3 CSF3x3 A GPU | - ol
O Ous deviation o = 20.
079 L I I "
107" 100 10! 102

Time (in seconds)
45



Part 2/3: Fast EPLL

24.9/.624 31.4/.891 (0.17%5)32.2/.910 (1.17s)l 32.7/.924 (0.46s)

(a) Ref @ / kernel (b) Blurry image y (c) CSF result & (d) RoG result & (e) FEPLL result @

Algo. Berkeley Classic
PSNR/SSIM Time (s) PSNR/SSIM Time (s)
iPiano 29.5 / .824 29.53 29.9 / .848 59.10
CSFpw 30.2 /.875 0.50 (0.14*) 30.5/0.870 0.47 (0.14%)
RoG 31.3 / .897 1.19 31.8 / .915 2.07
FEPLL 33.1/.928 0.40 32.8 /.931 0.46
FEPLL" 33.2 /.930 1.01 33.0 / .933 1.82

Using the blur kernel of iPiano and noise standard deviation o = 0.5.
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Part 2/3: Fast EPLL

36.8/.972 (0.38s) 1 23.3/.738 (0.29s) = 27.0/.905 (0.36s)
(a) devignetting (b) x3 super-resolution (c) 50% inpainting
® \Works likewise for several inverse problems.
® Less than 0.4s in all cases (for images of size 481 x 321).
® Qut-of-the-box: no need to adjust/tune hyperparameters.
[ ]

NB: Only for 8-bits pictures (need to learn a new model otherwise).
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Part 3/3: GGMM-EPLL

Is the patch distribution well modeled by a GMM distribution?

v

30.17 / 0.8690

® EPLL (and FEPLL) presents many artifacts similar to Gibbs artifacts.
® Not really robust to outliers.

® Could it be due to the assumption that patches are GMM distributed? 8



Part 3/3: GGMM-EPLL

Let us have a look at the empirical distribution of a cluster of clean
patches along some axis of its corresponding covariance matrix.

A=0.15 ji=2, A=013
[__]Empiri ~
Gaussian -
Jj=3, A=0.066 j=4, X=0.056
,"‘ R
j =62, A=0.003 Jj =63, A=0.0026
AT
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Part 3/3: GGMM-EPLL

(Zero-mean) Generalized Gaussian Distribution (GGD)

® Coefficients are zero mean.
® Some coefficients have a bell shaped distribution.

® Some others have a peaky distribution with large tails.

A Generalized Gaussian Distribution (GGD) captures all of these

6(:50.0) = e |- (B ]

where Kk, = _r and A\, = A TL)

I(1/v) L@3/v)’

® )\: scale parameter (standard deviation),

® 1. shape parameter (v = 2: Gaussian, v = 1: Laplacian).
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What if we look for v that best fits?

j=1, A=015 v=091 j=2 A=013, v=069
<
=3, A=0066, v=117 j=4, A=0056, v=115
A A
\
i N M
j=62, A=0003, v=162 j =63, A=00026, v=150

Part 3/3: GGMM-EPLL
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Part 3/3: GGMM-EPLL

What about multi-variate GGD?

P
K —1/2 .
Gz 0p. Byv) = gty exp [-I2 21 ] with el = 3 Jay)”,
=1
L(1/vy)
P » L VTG
j=1 . oS
\ TG/ve)
o (, prior: |z|f =", |zx|” e convexity: p > 1 e sparsity: p < 1
lzllo =0 null image ®
2-dim vector: lzllo =1 sparse image @
lz]lo =2 dense image @
o
* N D\ D 2
- # > Lot s - =
! Y T T 3
[e]
p=0 p=1/2 p=1 p=3/2 p=2 )
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Part 3/3: GGMM-EPLL

GMM

Assumption about a clean image patch:
® Lies in one of the K ellipsoidal clusters (let us say the k-th).
® Dense linear combinations of the columns of Uy.

® Coefficients for all directions j are likely in the range [—2\x ;, 2\ ;]

GGMM

K
p(z) = Zwkg(Z;OP, Sk, Uk)

k=1

® Clusters have ellipsoidal (v,; > 1) or star shaped (vk,; < 1) directions.

Dense (vg,; > 1) or sparse (vk,; < 1) combinations of the columns of Uy.
® Few coefficients for a given direction j can be outliers (v, ; < 1).
® Behavior can be different for different directions within a same cluster.
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Part 3/3: GGMM-EPLL

\—/
-10 0 10 -10 0 10 -10 0 10
(a) Gauss 1 (b) Gauss 2 (c) Gauss 3 (d) Mixture
® (=)
>) (Bl
-10 0 10 -10 0 10 -10 0 10 -10 0 10
(e) GGD 1 (f) GGD 2 (g) GGD 3 (h) Mixture
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Part 3/3: GGMM-EPLL

Parameters (X, vy;) estimated by Expectation-Maximization

on a training set of 2 million clean 8 x 8 patches

GGMM scale parameter

GGMM shape paramet

ISR R i 05
50 100 150 50 100 150
Component k Component k

(a) GMM (v =2)  (b) GGMM (.3< v <2)

() LMM (v =1)  (d) HLMM (v = .5)
Set of 100 generated random patches for each model
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Part 3/3: GGMM-EPLL

Parameters (X, vy;) estimated by Expectation-Maximization
on a training set of 2 million clean 8 x 8 patches.

40 T T T T

. .GV | |
. GGMM
300 I LMM |
HLMM
Fs
S 250 -
g —
0 450
ol
100 ”
50 ||
0

12 3 4 5 6 7 8 910 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40
Image index

avg

® GGMM consistently fits best patches of each images of the testing set.

® Adding an extra degree of freedom (shape v) did not lead to overfitting.
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Part 3/3: GGMM-EPLL

How to extend EPLL to GGMM patch priors?

e EPLL uses the Gaussian clusters through two equations:

~2
k* + argmin —2logwk+22( IOg()\k]-i- )_~_7 Ck17>

1<k<K = 2 \?

) =f(Ck,;31/B, K, )
ALx
éj(— Wékd, fora||1<j<P
[32q] B

—,_/
S(Cpx 531/ BsAgn ;)
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Part 3/3: GGMM-EPLL

How to extend EPLL to GGMM patch priors?

e EPLL uses the Gaussian clusters through two equations:

1 &,
k* < argmin — 2logwy, + 2 log(A? . +1)+ = o )
1<gk<K &1 le( B(Aks ) 2)%’].-1—%

=f(Ck,;31/B, K, )

. Absi .
Cj(— WC}{}’J’ fora||1<j<P
[32q] B
_,_/
5(Crxj31/BAkx;)

e Where f and s were arising from:

1 (t—x)?
flx;o,N) _10g/R27m/\ exp( 552 e dt

-z
s(z;o,N) € arf,;gm 552 2z
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Part 3/3: GGMM-EPLL

How to extend EPLL to GGMM patch priors?

e EPLL uses the Gaussian clusters through two equations:

P

k* < argmin — 2logwy + 22 J(Cr,531/B; Ak j)
1<k<K —
&j < 8(Crxjs 1/ B, Aknj), forall1<j<P

e Where f and s were arising from:

1 (t—x)?
fmiod) - = log/R 2o A exp( 202 2)2 dt

-z
s(z;o,N) 6ar§,£1n 552 2z
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Part 3/3: GGMM-EPLL

How to extend EPLL to GGMM patch priors?

e EPLL can be extended to GGD by updating the two equations as:

P

k™ <+ argmin — 2logwy, —I—QZf e 1/ B, Akjs Vi 5)
1<ELK j=1
éj < S(Ek*,j;l/ﬁ,)\k*,j,wf*,j), for all 1 gj < P

e Where f and s can be updated as:

_ t—=)* "
f(z;0,\,v) = log \/702/\ exp( 552 Y, dt

I () S 1
s(x,a,)\,y)eartgéﬁln 552 +>\Z
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Part 3/3: GGMM-EPLL

GGMM-EPLL Algorithm

(i) For each 2, Patch denoising step with GGMM prior (iii) Whitening
evaluate discrepancy and (iv) non-linear shrinkage
against 3, v and f. Patches 2 Estimates 2 for =, v and §.

o Extract eigendecomposition ¥ = UAU". e Extract eigendecomposition ¥ = UAU".

o Consider noise level being o = o Consider noise level being o = .

o Perform whitening & = U*Z. o Perform whitening with & = U‘Z.

o For each dimension j: o For each dimension j:

~ Get A2 = Ajj and v = v;. ~ Get A2 = Aj; and v = v;.

~ Shrink & = &%, (@

— Evaluate f2,(i;) .

e Sum discrepancies for all dimensions j. (ii) Pick the optimal k*. ® Reconstruct 2 = Ug.

® Discrepancy function:

* k) (t—a)> |

]R\ﬁ 2 P\ T 52 Y

® Shrinkage function:

fg,A(UC) = log

v g (t - Z’)Z ‘t'y
soa(x) € ar§£111 552 Y,
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Part 3/3: GGMM-EPLL

GGMM-EPLL Algorithm

(i) For each 2,
evaluate discrepancy
against 3, v and f. Patches 2

o Extract eigendecomposition ¥ = UAU".

o Consider noise level being o =

o Perform whitening & = U*Z.
o For each dimension j:
— Get X* = Aj; and v = ;.
— Evaluate f2,(i;) .

o Sum discrepancies for all dimensions j.

® Discrepancy function:

2%

v -]
fU,)\("I;) og = r 2/\

® Shrinkage function:

sy a(x) € argmin 5
teR 20

Patch denoising step with GGMM prior

Estimates 2

(ii) Pick the optimal k*. ® Reconstruct 2 = Ug.

T 202 Ay

(t—a)

(iii) Whitening
and (iv) non-linear shrinkage
for =, v and §.

e Extract eigendecomposition ¥ = UAU".
o Consider noise level being o = .

o Perform whitening with & = U'Z.

 For each dimension j:

~ Get A2 = Aj; and v = v;.

~ Shrink & = &%, (@

) N L1

Closed-form?

[t
¥
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Part 3/3: GGMM-EPLL

No closed-forms but we can evaluate the integral and solve the
optimization with numerical techniques.

29.49/0.877 29.48/0.875

(a) No approx. (10h 29m) (b) Approximations (1s63)

Really slow, even for a 128 x 128 image!

Proposed approximations will lead to a speed-up of x15,000.
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Part 3/3: GGMM-EPLL

Shrinkage functions

v Shrinkage s (x) Remark
v—1 2(v—1) " v - .
<1l T — vz + O(z ) if x| > 7y ~ Hard-thresholding
0 otherwise [Moulin, 1999]
V202 Soft-thresholding
1 ig =L
sign(z) max <|m\ A 0 [Donoho, 1994]

4/3 T+ (,S/C*T“’ _ 3/ ; m) [Chaux et al., 2007]

(v + =l - )"

3/2 sign(z) i [Chaux et al., 2007]
22
2 iz a3 Wiener (LMMSE)
Otherwise No closed-forms

3
with v =wvo’A,” and (= m2+4(1> .

w

2 _1
and 7Y =(2-1)(2-20) 27V (67N, V)TV
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Part 3/3: GGMM-EPLL

Shrinkage functions

5 SNR: A\/o = 0.25 SNR: A\/o =1 SNR: Ajo =4
&
Vs
Vo
Vs
P
7 V=103
/48 v=10
v=15
v=20
-10 10 -10 0 10
xT x
Properties:
x @ > s, 5 (z) increasing  (increasing with x)
v v x .
&£ (&) = @s z duct
NG .2 (a) (reduction) A s7 5 (z) increasing  (increasing with \)
soa(z) = —sy y(—x) (odd) lim s¥ 5 (z) =0 (kill low SNR)
=0 ‘o
v 5 .
) ) [0,z) if z>0 L .
soa(@) € { o0l e (shrinkage) lim sl,%(z) =z (keep high SNR)
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Part 3/3: GGMM-EPLL

Shrinkage functions

(t—a)* |4
v . o
5o () € argmin ~———— + =
teR 20 Y
v=12 zj/o
|
Shrink ; = 8% , (i) 1
3 1 2
The spread and the rs“l(t‘{'f ﬁhri"lwl'r}"
location of thresholds unction according & (5
(if any) depend on tov. Shrinkage Gv>\< 3)
the SNR /o T8 5o
Mo ™ /_/
T ———
Sk Multiply
by o

Choose one of the closed-form expressions by nearest neighbor on v.
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Part 3/3: GGMM-EPLL

Discrepancy functions

v () = 1wy (t—a)* [t
f"“(l)flog/m om0 2A CXP( 202 )&

Properties
foa() =logo + fin/.(z/0), (reduction)
for (@) = for(=2) , (even)
|| > y| & fo(lz]) = foa(yl) , (unimodality)
mei]% far(@) = fix(0) > —oco . (lower bound at 0)
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Part 3/3: GGMM-EPLL

Discrepancy functions

> 1k -2 "
) =1 _ _
fax(@) og/R 210 2\ CXP( 20° AL a

Properties
foa() =logo + fin/.(z/0), (reduction)
for (@) = for(=2) , (even)
|| > y| & fo(lz]) = foa(yl) , (unimodality)
mei]% far(@) = fix(0) > —oco . (lower bound at 0)

= Consider instead the log-discrepancy function ¢%:
¢X(jz]) =log [fia(x) —=~X] and X = f(0).
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Part 3/3: GGMM-EPLL

Discrepancy functions

» m (t—x)* |t
= S U7 L I
foa og/ 2mo 2 p( 202 Ay

Case v =2
G(0,v =2,2) * N (0,1) fal@) #3()
10
3
10
2
2 5
~
A ¢
2
$
% 0 ¥
0 0
10 0 10 5 0 5] 0 5 10
) I loga

pi(z) = alogz + 8,
where @ =2 and B =—log2—log(l+ \?) .
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Part 3/3: GGMM-EPLL

Discrepancy functions

» m (t—x)* |t
= S U7 L I
foa og/ 2mo 2 p( 202 Ay

Case v =1
G(0,v =1,0) *N(0,1) @) PA(@)
10
N
3 5 @
&)
2
5 0
&
3
A &
$
5 &
%
0 0
10 0 10 5 0 5 5 0 5
) I logz

PA(x) ~ anloga + 1

h =2 and = —log A +1 A
where and i og A + log erfc(%) \

17T exp (—5%) 1} ‘
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Part 3/3: GGMM-EPLL

Discrepancy functions

» m (t—x)* |t
= S U7 L I
foa og/ 2mo 2 p( 202 Ay

Case v =1
G(0,v =1,)) = N'(0,1) fia(@) eA(@)
10 N
5 %\OQZ
5 0
5
&
5 &
M
0
-10 0 10 5 0 5 5 0 5
) I logz
1
pr(z) ~ azlogz + B2,
oo
1
where a2 =1 and pfs = §log2 —log A .
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Part 3/3: GGMM-EPLL

Discrepancy functions

v () = 1wy (t—=2)* "
fra@) =tog [ i ep( <UD MY o

Case 2 <v <2
G(0,v = 0.3,\) x (0, 1) 103(2) (=)
10
3
5
2
s 0
A
0.3 =5
3 0 M
-10 0 10 -5 0 5 -5 0 5

px(@) ~ arlogz + i,

where a3 =2 and (1 = —log2+ log =
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Part 3/3: GGMM-EPLL

Discrepancy functions

v () = 1wy (t—=2)* "
fra@) =tog [ i ep( <UD MY o

Case 2 <v <2

G(0,v = 0.3,\) x (0, 1) 103(x) (=)

5
R?

-10 0 10 -5 0 5 £S5 0 5
@4(x) ~ anlogz + B .

where as=v and f2=—vlogA— glog ?Eé;;; .
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Part 3/3: GGMM-EPLL

Discrepancy functions

» m (t—x)* |t
= S U7 L I
foa(@ og/ 2mo 2 p( 202 Ay
2

Case ; <v <2

G(0,v =1.5,\) x N'(0,1) fi(@) #X° (=)

-10 0 10 4 0 5 -5 0 5

@4(x) ~ anlogz + B .

where as=v and f2 = —vlogA— = log
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Part 3/3: GGMM-EPLL
Discrepancy functions

V() — 1k (t—x)* |t
fcr.,A(‘L) - log,/R o 2)\)} CXP( 202 All; dt

Approximation

0.1

o5 (x) = a1 log |x| + B1 — rec(au log |z| + B1 — a2 log || — B2)
relu(z) = max(0,z) and softplus(z)= hlog [1 + exp (%)] , h>0.



Part 3/3: GGMM-EPLL

Discrepancy functions

_ 2 v
B exp(—(t x) 7@) dt

v 1
fU.A(‘I.) ZIOg/ 2
) v
R 27’[‘0‘ 2)\ v 20’ >‘u
/o
Evaluate [ ,(7;)
Discrepancy
logo + 1%, + exp@X - fv (&
5/ 5 A (%)
7)o from LUT-1 /
a =2
No a v
v B from LUT-2 g Log-discrepancy ¢,
B2 from LUT-3 lefined from
h from LUT-4, a1, az, Bi, B2 and h.

e Given (\/o,v), get (7X, B1, B2, h) from lookup tables (LUTs).
e Compute the log-discrepancy based on asymptopts and softplus.
e Deduce the discrepancy.
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Part 3/3: GGMM-EPLL

Performance in denoising

o Algo. BSDS barbara “Man.  hill house lena mandrill Avg.

PSNR

GMM 37.25 37.60 38.07 3593 38.81 38.49 35.22 37.26
LMM 37.31 37.83 38.11  35.89 38.93 38.49 35.18 37.32

5 HLMM  36.85 37.42 37.66  35.39 38.37 38.08 34.77 36.86
GGMM 37.33  37.73 38.12 35.95 38.94 38.52 35.23 37.33
GMM 29.36 29.76 30.16 2846  32.77 3240 26.60 29.42

20 LMM 29.30  30.18 30.04 2836 33.22 32.72 26.43 29.37
HLMM  28.48 29.28 29.04 27.72 3250 32.10 25.44 28.56
GGMM 29.43  30.02 30.24 28.48 33.03 32.59 26.64  29.50
GMM 24.57 23.95 25.10 2421 2753 27.28 21.57  24.61

60 LMM 24.55 23.94 2496 2423 27.91 27.58 21.35 24.59

HLMM  23.95 23.16 23.72  23.84 2710 26.94 20.67 23.97
GGMM 24.64 24.03 25.17 24.25 27.80 27.52 21.50 24.67

GGMM offers best performance in average

compared to GMM/LMM/HLMM.
73



Part 3/3: GGMM-EPLL

Performance in denoising

camera
o Algo. BSDS  barbara man hill house lena mandrill Avg.

PSNR

BM3D 3738 38.30 38.28 36.04 39.82 38.70 35.26 37.36
GGMM Si38 37.73 38.12 3595 38.94  38.52 35.23 S8
BM3D 33.06 34.95 34.10 31.88 36.69 35.90 30.58 33.15
10 GGMM 33.10 33.87 34.01 31.81 35.72  35.59 30.58 33.15

BM3D 29.38 31.73 30.42 28.56  33.81 33.02 26.60 29.50
20  GGMM 29.43 30.02 30.24 28.48  33.03 32.59 26.64 29.50

BM3D 26.28 27.97 27.16 2589 30.69 29.81 23.07 26.38
40 GGMM 26.26 26.17 27.03 25,70  29.89  29.42 23.21 26.32

BM3D 24.81 26.31 25.24 2452  28.74  28.19 21.71 24.90
60 GGMM 24.64 24.03 25.17 2425 2780  27.52 21.50 24.67

t

GGMM-EPLL offers slightly worse performance than BM3D.
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Part 3/3: GGMM-EPLL

Performance in denoising
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Part 3/3: GGMM-EPLL

Performance in denoising

30.28 / 0.8681
GGMM GGMM
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Part 3/3: GGMM-EPLL

Performance in denoising

.MM

7



Conclusion

Take home messages
® |mage restoration with mixture model patch priors fast:

faster than BM3D and faster than modern CNN approaches (on CPU).

® GGMM priors provide on GMM priors.

Difficulties

® Non-convex optimizations.

How good are local minimizers? are comparisons GMMs/GGMMs fair?

® |s Half-Quadratic-Splitting the right solver?
ADMM? Proximal algorithms?

® 5 iterations (early stopping) performs better than iterating more.

Not clear what's going on. . .
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What about Deep CNNs?

Advantages of patch priors based restoration compared to deep CNNs

® Patch priors are once on clean data.
® Can be applied likewise for any types of degradations.

® Allows us on degradation models.

Patch priors + Deep CNNs

® CNNs are patch based approaches (patch=receptive fields),
® Plug-and-play ADMM with CNN denoiser (Chan, 2018),
® Deep image priors (Ulyanov, 2018),

® My own work in progress. . .
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Thanks for your attention
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Appendix — EM for GGMMs

® Expectation step (E-Step)
® Forall k=1,...,K and samples i = 1,...,n, compute:
wrG(zi;0p, B, k)
s, wiG(2i;0p, By, 1)

€k,

® Moment step (M-Step)

® For all components k£ =1,..., K, update:
n n t
v ; N ot
wy, KZ“% and 3, % .
21:1 Z¢:1 fl,i Zi:l 51@,1‘

® Perform eigen decomposition of 3j:
2 = Uy ArUE where Ay = diag(M\g1, M2, - -5 M, p)?

® Forall k=1,...,K and dimensions j = 1,..., P, compute:

>t &kl (U zi); (X
Xk,j < =l >0 TR TYIL and (Vk)j — H[‘3Y2] F1 /\TJ
k,j

?:1 gk:,i

— mi _ _re/m?
where II(, 3 [z] = min(max(z, a),b) and F(z) = TGIOT(/7)
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Appendix

SNR: Ao = 0.25 SNR: Ao = 10 SNR: \/o = 400

12

7

2

-3

0 5 10 15 0 5 10 15
log log

Figure 1 — lllustrations of the log-discrepancy function for various 0.3 < v < 2 and
SNR \/o.
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Appendix

gl — 4 log(27)]

b
103
0
0
2
"
s
= 100
s
10 10
12 "
14
102 14
S b n
o 14
10
12
5
i
08
< 100 °
08
5
04
10
02
102
3 5 1 15 2 3 5 1 5 2

Figure 2 — Lookup tables used to store the values of the parameters 7%, $1, 82 and h
for various .3 < v < 2 and 1073 < A < 103. A regular grid of 100 values has been
used for v and a logarithmic grid of 100 values has been used for A. This leads to a
total of 10,000 combinations for each of the four lookup tables.
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